INTRODUCTION TO PROPOSITIONAL CALCULUS AND MATHEMATICAL LOGIC

( Veronika Kálnová, Jana Sotáková )

PROPOSITIONS, FORMULAS

Proposition: a sentence with a property of being either true or false ( cannot be   

                        both ).
Truth values: 1 – true, 0 – false.

Formula: a “sentence” with variable (-s); formula turns to a proposition by 

                   substituting for variables.

Quantifier: a phrase which unambiguously determines the number of those 

                      objects that shall turn the formula to a true proposition. 

Quantified proposition ( formula ): a proposition ( formula ) generated by 

                                                                 quantifying variables in a formula.                                                   

QUANTIFIERS

EXISTENTIAL                                                                    GENERAL
there exists at least 1…(1,2…)                                            for each…holds…

there exist at least 4…(4,5…)                                              each

(at least, minimum)                                                              for all

there exist at most 4…(0,1,2,3,4)                                        all

(at most, maximally)                                                            none

there exist just 4……..(4)                                                    nobody

there exist more than 4…(5,6,7…)                                      nothing

there exist less than 4…(0,1,2,3)                                        ( “no student is absent” 

some ( = at least 1 )                                                               means 

somebody ( = at least 1 )                                                       “for each student it holds 

something ( = at least 1 )                                                       that he is not absent” )

( symbol: ( from “there EXISTS” )                                      ( symbol: ( from “for ALL” )

WARNING for Slovak ( and Czech, Russian, ... ) language!

1) Incorrect connections: „každý nie je ...“, „všetci nemajú ...“, ...

Correct: „nie každý je ...“ ( = „niektorý nie je ...“ ) – has different meaning from         „pre každého platí, že nie je ...“ ( = „žiadny nie je ...“ ).

2) Words „žiadny“, „nikto“, ... don’t express further negation added to the negation expressed by the verb in the formula. They only express the general quantifier in front of a negative verb ( „žiadny nie je ...“ = „pre každého platí, že nie je ...“ contains only one negation! ).

3) Words „niektorý“, „niektorí“, ..., independently on their grammatical number have the same meaning „there exists at least one“.

COMPOSITE PROPOSITIONS AND FORMULAS

Logical ( propositional ) connectives:
NEGATION of A:( A

CONJUNCTION of A, B: A ( B     

ALTERNATIVE of A, B: A( B

IMPLICATION of A, B: A ( B

EQUIVALENCE of A, B: A ( B

- a composite proposition itself is a proposition, hence it has its unique truth value ( cannot be “partially true, partially false” ).

NEGATION

Negation of the proposition ( formula ) A:

- the denial of A ( WARNING: not the opposite of A ! ).  
( A : non A ( A doesn’t hold )

Negation changes the truth value of the proposition:

	A
	( A

	0
	1

	1
	0


Negation of quantified propositions ( formulas ):

- complement of the set of all quantities determined by the quantifier 

( ( ( for at least 6 students holds ... ) ... 

( for at most 5 students holds ... ), ( for less than 6 students holds ... ) ).

- laws for negation of formulas with basic quantifiers (, ( :

( (( x )(((x)) ... (( x )((((x))                      ( (( x )(((x)) ... (( x )((((x))

CONJUNCTION

A(B : A and actually, instantly B

          A and at the same time B
          A and also B
          A and B
          A but B
- a conjunction is true only in the case, when all the propositions connected by ( are true.

	A
	B
	A(B
	A(B

	0
	0
	0
	0

	0
	1
	0
	1

	1
	0
	0
	1

	1
	1
	1
	1


ALTERNATIVE

A( B : A or B

- an alternative is true always, if at least 1 of the propositions connected by ( is true ( this means that ( has inexclusive meaning! ).

Remark: Exclusive meaning of “or” must be explicitly expressed by “either A or B” and its truth values are different from the truth values of A(B.
- conjunction and alternative are commutative, associative and satisfy both distributive laws.

IMPLICATION

A(B : if A then B
          B follows from A
            A implies B
            A forces B
A - assumption

B - conclusion

- an implication is false only in the case, when the assumption is true and the conclusion is false.

	A
	B
	A(B
	A(B

	0
	0
	1
	1

	0
	1
	1
	0

	1
	0
	0
	0

	1
	1
	1
	1


EQUIVALENCE

A(B: A if and only if B
           A iff B
           A is equivalent with B
- en equivalence is true, if both propositions in the equivalence have the same truth value.

- A(B can be expressed using implications: (A(B)((( A(( B), (A(B)((B(A).

CONVERSE AND CONTRAPOSITIVE IMPLICATION

Primary implication: A(B.

Converse implication to A(B: B(A.

Contrapositive implication to A(B: ( B(( A.

- converse implication can have the other or the same truth value as the primary one.

- converse implication is a new statement having different meaning from the primary implication.

- converse implication to the converse implication is the primary one.

- contrapositive implication must have the same truth value as the primary one.

- contrapositive implication has the same meaning ( only other formulation ).

- contrapositive implication to the contrapositive implication is the primary one.
	A
	B
	( A 
	(  B
	A(B
	B(A
	(  B((  A

	0
	0
	1
	1
	1
	1
	1

	0
	1
	1
	0
	1
	0
	1

	1
	0
	0
	1
	0
	1
	0

	1
	1
	0
	0
	1
	1
	1


SUMMARY OF IMPLICATIONS

                          A(B                            B( A

                                               converse                                                                                                                             

contrapositive      ↕       ↔        ↕   contrapositive 

(the same)                       (different)                (the same)

                         ( B(( A                           ( A(( B        

NECESSARY AND SUFFICIENT CONDITION

A( B : ASSUMPTION( CONCLUSION

ASSUMPTION: sufficient condition for B
CONCLUSION: necessary condition for A
“A is necessary and sufficient condition for B”   MEANS: “A is equivalent with B”.

Remark: A(B can be expressed as ( A(B.
NEGATION OF COMPOSITE PROPOSITIONS 

( (( A)…A                 -DOUBLE NEGATION LAW

( (A(B) …( A(( B    -DE MORGAN LAW

( (A(B) …( A(( B    -DE MORGAN LAW

( (A(B)…A(( B

( (A(B)… (A(( B)((B(( A)

TAUTOLOGY, EQUIVALENT FORMULAS

Definition: - a proposition ( formula ) is called a tautology, if it has truth value 1 for each truth values of the elementary propositions ( formulas ).

- a proposition ( formula ) is called a contradiction, if it has truth value 0 for each truth values of the elementary propositions ( formulas ).

- the propositions ( formulas ) A, B are called to be equivalent ( each to the other ), if they always have the same truth value.

Assertion: Two propositions ( formulas ) A, B are equivalent, iff the proposition ( formula ) A(B is a tautology.

Notation: For propositions ( formulas ) X, Y throughout this chapter X…Y means that the propositions ( formulas ) X, Y are equivalent each to the other.

Remark: Some examples of equivalent formulas ( following from the former ):

- laws for negation of quantified and composite propositions ( formulas )

A(B…B(A, A(B…B(A – commutative laws

A((B(C)…(A(B)(C, A((B(C)…(A(B)(C – asocciative laws

A((B(C)…(A(B)((A(C), A((B(C)…(A(B)((A(C) – distributive laws

A(B…( B(( A, A(B…( A(B

A(B… (A(B)(((  A((  B)

A(B… (A(B)((B(A)

DEFINITION, THEOREM, AXIOM, PROOF

Definition: - introduces new notion ( notation, terminology, title) using only still   

                      defined “simpler” notions or primitive notions ( that is notions selected           

                      to remain undefined in the given theory ).

                    - agreement about terminology ( thus question of “probability” of a        

                      definition is meaningless! ).

Theorem ( Proposition, Assertion, Property … ): - asserts properties, relations of 

                                                                               notions. 

-the only method of verification of 

a math. theorem is to prove it.

Axiom: - a selected proposition which is not being proved in the given theory.

Proof: - a finite sequence A1, … , An = A of propositions with properties:

- the last proposition A is the one we want to prove.

- each Ak follows from the previous ones or is a proved theorem or an axiom.

FORMS OF MATHEMATICAL PROOFS

Direct proof: A1, A2, …, An=A where the last is the one we want to prove.

Indirect proof: only for the propositions in the form of implication; instead of the             

                       primary theorem A( B its contrapositive( B(( A is being proved.
Proof by a contradiction: if the proposition A is being proved, the proof starts by 

                       the contradictionary assumption ( A and using this assumption some 

                       false proposition ( = a contradiction ) is inferred. Since it is impossible  

                       to infer a false conclusion from a true assumption, the result is that ( A 
                       has to be false, which proves A. 
Proof by mathematical induction: *completed later.

Remark: - the process of proving rarely uses only one of the forms of proofs, usually it is necessary to combine them.

- proving is not algorithmizable, it means:  it is proved that  there cannot exist any universal effective method for proving each provable or even each true theorem ( a man - namely a mathematician - is necessary ).
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