FUNCTIONS

( Ľubica Grejtáková, Katarína Ičová )

Basic notions

Domain, range

Monotone functions

Bounded functions

Maximum and minimum of the function

Even, odd functions

Periodic functions

Composition of functions

Inverse functions

One-to-one functions

------------------------------------------------------------------------------------

BASIC NOTIONS:

    Plan: Deterministic dependence between quantities, assignment of quantities or elements.

    Mathematical tool: Set of ordered pairs.

    Definition: Let A, B be sets, let f ( A( B. f is a function ( mapping ) if 

                        (( x( A) (( at most one y( B) ([x, y]( f).

    Graph of the function: the set of all points [x,y] in the coordinate system with the

                                           coordinates given by the ordered pairs [x,y] in the function.

   Ways of determination of the function: - listing all the elements ( = ordered pairs ),

                                                                       usually by tabulating.

                                                                     - definition by the characteristic property

                                                                        ( of ordered pairs ), often by some formula.

                                                      [x, y]( f                                        


                                                   - independent variable
 - dependent variable

                                                   - preimage


 - image

                                                   - argument


 - function value
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real function of the real variable: A = B = R
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H(f)



           D(f)
DOMAIN, RANGE:                                                     
              
   Definition: D(f) = { x( A; ((  y( B) ([x, y]( f ) }                                       

                      H(f) = { y( B; ((  x( A) ([x, y]( f) }



   Observation: H(f) = { y( B; ((  x( D(f)) (y = f(x)) } 

MONOTONE FUNCTIONS:

    Definition: Let f be a real function of the real variable ( f ( R ( R ), let M ​( D(f).

                        f is increasing on M, if (( x1, x2 ( M) (x1< x2 (  f(x1) < f(x2)).

                        f is decreasing on M, if (( x1, x2 ( M) (x1< x2 (  f(x1) > f(x2)).

                        f is nonincreasing on M, if (( x1, x2 ( M) (x1< x2 (  f(x1) ≥ f(x2)).

                        f is nondecreasing on M, if (( x1, x2 ( M) (x1< x2 (  f(x1) ≤ f(x2)).

                        f is monotone on M, if f is increasing on M, or decreasing on M, or

                        nonincreasing on M, or nondecreasing on M.

                        f is strictly monotone on M, if f is increasing on M, or decreasing on M.

                        f is increasing, decreasing, nonincreasing, nondecreasing, monotone, strictly

                        monotone, if f is such on M = D(f).

    Remark: “ f is increasing “ means that the function values are in the same inequality as

                   the corresponding arguments.

                   “ f is decreasing “ means that the function values are in the inverse inequality as

                   the corresponding arguments.
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BOUNDED FUNCTIONS:

    Definition: Let f ( R ( R be a function, let M ( D (f), let K ( R.

                      K is an upper ( lower ) bound of f on M, if (( x ( M) ( f(x) ≤( ≥) K ).

    Observation: if K ( R is an upper ( lower ) bound of f on M, then each

                          K’ ≥ (≤) K is an upper ( lower ) bound of f on M, too. 

     Definition: Let f ( R ( R be a function, let M ( D(f).

                        f is bounded from above  (below ) on M, if 

                        (( K ( R) ( K is an upper ( lower ) bound of f on M ).

                        f is bounded from above ( below ), if f is bounded from above ( below ) 

                       on M = D(f).

    Conclusion: f is bounded from above ( below ) on M iff (( K ( R) (( x( M) (f(x) ≤( ≥) K).                


                
y



K



                 x


M

MINIMUM, MAXIMUM OF THE FUNCTION:

     Definition: Let f ( R ( R be a function, let M ( D(f), let a ( M.
                        f has a maximum on M at the point x = a
                        if (( x ( M) (f(x) ≤ f(a)) ( the value of maximum is f(a)).

                        f has a minimum on M at the point x = a
                        if (( x ( M) (f(x) ≥ f(a)) ( the value of minimum is f(a)).

     Observation: If f has a maximum ( minimum ) on M, then f is bounded from 

                           above ( below ) on M.

                           If f is not bounded from above ( below ) on M then f has no maximum      

                           ( minimum ) on M.   

! WARNING: converse implications don‘t hold !
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       y                        f                  f has minimum on M at x = a  ( with the value f(a) )

                                                            f is bounded from below on M, e.g. by the value K = f(a)



f(x) ≥ f(a)



f(x) ≥ K
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EVEN, ODD FUNCTIONS:

      Definition: Let f ( R ( R be a function, let (( x ( R) (x ( D(f) ( -x ( D(f)).

                         f is even, if (( x ( D(f)) (f(-x) = f(x)).

                         f is odd, if (( x ( D(f)) (f(-x) = -f(x)).
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f(-x) = f(x)
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f(x)       even function ( graph symmetric in axial symmetry by the axis y )
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    f(-x) = -f(x)
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                                                  odd function ( graph symmetric in central symmetry   


                 by the center O[0,0] )
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PERIODIC FUNCTIONS:
     Definition: Let f ( R ( R be a function.

                        f is periodic if  ( a >0 with the following properties:

1. (( x ( R) (x ( D(f) ( (x + a) ( D(f))

2. (( x ( R) (f(x +a) = f(x))   

                        The least a >0 with properties 1., 2. is called the period of the function f.  
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COMPOSITION OF FUNCTIONS ( COMPOSED FUNCTIONS ):

     Definition: Let f, g be functions. Composition of the functions f, g ( in this order ) is the  

                        binary relation h = f( g defined by the formula h(x) = g(f(x)).

     Observation: Composition of functions is a function, too. 

                            If ​f ( A ( B and g ( C ( D then f( g = h ( A ( D.

     Observation: Composition of functions is not commutative, but is asocciative and has the 

                            ( unique ) neutral element ( from the right and left ) – the function identity  

                             idM(x) = x for all x(M .


h = f( g    ===       h(x) = g(f(x))
 INVERSE FUNCTIONS:

      Definition: Let f ( A ( B be a function, let f –1  be the following set of ordered pairs:

                         f –1 = { [y, x] ( B ( A; [x, y] ( f }.

                         f –1 is called the inverse function to f, if f –1 itself is a function.

      Observation: - points [x, y], [y, x] are symmetric by the axis o ( of 1st and 3rd quadrant ).

                            - graphs of f, f –1 are symmetric by the axis o ( of 1st and 3rd quadrant ).

- (f –1) –1 = f
- (f( f –1)(x) = f –1(f(x)) = x for all x(A, (f -1( f)(y) = f(f –1(y)) = y for all y(B.

- D(f) = H(f –1), H(f) = D(f –1)

graphs of f, f –1:
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ONE – TO – ONE FUNCTIONS:

   Definition: Let f ( A ( B be a function. f is called one – to – one (1-1)

                      if (( x1, x2 ( D(f)) (x1 ( x2 ( f(x1) ( f(x2)).

   Observation: f –1 is a function iff f is 1-1.



  If f is increasing then f is 1-1. f is increasing iff f –1 is increasing.



  If f is decreasing then f is 1-1. f is decreasing iff f –1 is decreasing.

( Warning: the implication “if f is 1-1 then f is strictly monotone” is not true! )
   Observation: If f is even then f is not 1-1. If f is periodic then f is not 1-1.

( Obviously the converse implications are not true. )
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